We derive the off-shell nilpotent symmetries of the two (1+1)-dimensional (2D) non-Abelian 1-form gauge theory by using the theoretical techniques of the geometrical superfield approach to Becchi-Rouet-Stora-Tyutin (BRST) formalism. For this purpose, we exploit the augmented version of superfield approach (AVSA) and derive theoretically useful nilpotent (anti-)BRST, (anti-)co-BRST symmetries and Curci-Ferrari (CF) type restrictions for the self-interacting 2D non-Abelian 1-form gauge theory (where there is no interaction with matter fields). The derivation of the (anti-)co-BRST symmetries and all possible CF-type restrictions are completely novel results within the framework of AVSA to BRST formalism where the ordinary 2D non-Abelian theory is generalized onto an appropriately chosen (2, 2)-dimensional supermanifold. The latter is parameterized by the superspace coordinates Z M = (x µ , θ,θ) where x µ (with µ = 0, 1) are the bosonic coordinates and a pair of Grassmannian variables (θ,θ) obey the relationships: θ 2 =θ 2 = 0, θθ+θθ = 0.
Introduction
The principles of local gauge symmetries (and their consequences) are at the heart of the precise theoretical description of three (out of four) fundamental interactions of nature [1] . The gauge theories, based on the above local symmetries, are quantized covariantly and consistently within the framework of Becchi-Rouet-Stora-Tyutin (BRST) formalism where the local gauge symmetries of the original classical gauge theories are traded with the quantum gauge [i.e. (anti-)BRST] symmetries (at the quantum level). For a given local gauge symmetry, there exist two quantum gauge symmetries (within the framework of BRST formalism) which are christened as the BRST and anti-BRST symmetries. The nilpotency and absolute anticommutativity properties are the two decisive features of these symmetries which encompass in their folds the properties of "supersymmetry" and linear independence, respectively. In other words, the transformations generated by the (anti-) BRST symmetries are fermionic (i.e. supersymmetric-type) in nature and they have their own independent identities due to their absolute anticommutativity property.
Just like the key features of supersymmetric transformations, the (anti-)BRST symmetries transform a bosonic field into fermionic field and vice-versa. Both types of symmetry transformations are nilpotent of order two. There is a distinct difference between the above cited two types of symmetry transformations, however. Whereas the BRST and anti-BRST symmetry transformations (corresponding to a given local gauge symmetry) must anticommute, the two distinct supersymmetric transformations do not absolutely anticommute. Rather, the anticommutator of latter two distinct transformations always generates a spacetime translation of the field on which they operate. Thus, it is crystal clear that the (anti-)BRST symmetry transformations (in the context of quantization of gauge theories) is not exactly like the supersymmetric transformations despite the fact that both types of transformations are fermionic (i.e. nilpotent of order two) in nature.
The usual superfield approach (USFA) to BRST formalism [2] [3] [4] [5] [6] [7] [8] [9] sheds light on the properties of nilpotency and absolute anticommutativity because the (anti-)BRST symmetries are identified with the translational generators along a pair of Grassmannain varibles (θ,θ) which characterize the (D, 2)-dimensional supermanifold on which a given D-dimensional ordinary gauge theory is generalized. To be precise, the (D, 2)-dimensional supermanifold is parametrized by the superspace variables Z M = (x µ , θ,θ) where the bosonic coordinates x µ (with µ = 0, 1, 2...D − 1) correspond to the ordinary D-dimensional spacetime variables and the Grassmannian variables (θ,θ) satisfy the standard relationships: θ 2 =θ 2 = 0, θθ +θθ = 0. In the above identification (and geometrical interpretation), the celebrated horizontality condition (HC) plays a key role which primarily leads to the derivation of (anti-)BRST transformations for the gauge fields and the corresponding (anti-)ghost fields of a given D-dimensional gauge theory (described within the framework of USFA to BRST formalism) and Curci-Ferrari type of restrictions.
The above USFA has been systematically and consistently generalized so as to derive the (anti-)BRST symmetry transformations for the gauge, (anti-)ghost and matter fields together for an interacting gauge theory where there is a coupling between the gauge fields and matter fields [10] [11] [12] [13] [14] . In the above generalization, in addition to the HC, we invoke additional restrictions [i.e. gauge invariant restriction (GIRs)] which are consistent with the HC and there is an inter-relationship and inter-dependence between the HC and GIRs in such a manner that the geometrical interpretation of the (anti-)BRST symmetries (and corresponding conserved charges) remains intact. The generalized version of the superfield approach has been christened as the augmented version of superfield approach (AVSA) to BRST formalism [10] [11] [12] [13] [14] . We have exploited the latter superfield approach (i.e. AVSA) to discuss the central theme of our present endeavor where we have derived the off-shell nilpotent and absolutely anticommuting (anti-)BRST as well as (anti-)co-BRST symmetries and all the possible Curci-Ferrari (CF) type restrictions that would, in general, be supported by the 2D non-Abelian gauge theory under consideration. In our present work, we have, however, utilized only a few of the total CF-type restrictions (supported by our 2D theory).
In our present investigation, we concisely mention the results of [5, 6] where we discuss the strength of HC in the derivation of proper (anti-)BRST symmetries for the non-Abelian theory (in any arbitrary dimension of spacetime). The novelty of our present work begins with the derivation of proper (anti-)co-BRST symmetry transformations where we exploit the virtues of AVSA to BRST formalism. In fact, we utilize the ideas of dual-HC (DHC) and dual-gauge invariant restrictions (DGIRs) for the complete derivation of proper (anti-) co-BRST symmetry transformations for all the fields of our theory. The highlights of our present investigation are, however, the derivation of CF-type restrictions using the AVSA to BRST formalism where the inputs from the results, obtained from the application of HC, DHC, GIRs, as well as DGIRs, are utilized together. We have been able to compute all possible CF-type restrictions from the original CF-condition [B +B + (C ×C) = 0] by requiring the (anti-)BRST and (anti-)co-BRST invariance of it within the framework of geometrically rich AVSA to BRST formalism.
Our present investigation is inspired and influenced by the following key factors. First, the 2D non-Abelian 1-form gauge theory (without any interaction with matter fields) is the only non-Abelian 1-form gauge model where we have been able to demonstrate the existence of (anti-)dual BRST [i.e. (anti-)co-BRST] symmetry transformations. Thus, it is challenging for us to derive these (anti-)co-BRST symmetry transformations from the AVSA. Second, the insights and understanding gained from our present endeavor would be useful in obtaining the (anti-)co-BRST symmetry transformations for the higher p-form (p = 2, 3....) gauge theories within the framework of AVSA. In this connection, we mention that, for the 4D Abelian 2-form and 6D Abelian 3-form gauge theories, we have already shown the existence of the (anti-)BRST and (anti-)co-BRST symmetry transformations together [15] [16] [17] . Finally, one of the key signatures of the BRST approach to the p-form (p = 1, 2, 3, ...) gauge theories is the existence of the CF-type restrictions. Thus, it is a challenging problem for us to derive them within the framework of AVSA (particularly in the cases where the (anti-)BRST and (anti-)co-BRST symmetries exist together). We have derived all possible CF-type restrictions that could be supported by the 2D non-Abelain theory where the (anti-)BRST and (anti-)co-BRST symmetries co-exist. However, only a few of these have been actually used by us in the discussion of the symmetries of our 2D theory within the framework of BRST formalism.
We would like to comment on the existence of the (anti-)co-BRST symmetries in the context of BRST approach to gauge theories. For the one (0+1)-dimensional (1D) toy model of a rigid rotor, we have demonstrated that the (anti-)co-BRST symmetries exist under which the gauge-fixing term remains invariant [15] . This observation should be contrasted with the existence of the (anti-)BRST symmetries under which the kinetic term remains invariant. We have established that the nilpotent (anti-)co-BRST symmetries also exist for any arbitary Abelian p-form (p = 1, 2, 3...) gauge theory in D = 2p dimensions of spacetime (see, e.g. [16] and references therein). The decisive features of the (anti-)BRST and (anti-)co-BRST symmetries have been shown, once again, in the invariance of the kinetic and gauge-fixing terms, respectively, for the above Abelian p-form gauge theories. The existence of the nilpotent (anti-)co-BRST symmetries is physically important because these have led to the proof that the 2D (non-)Abelian 1-form gauge theories belong to a new class of topological field theory (see, e.g. [21] and references therein for details) and 4D Abelain 2-form as well as 6D Abelain 3-form gauge theories are models of quasi-topological field theories (see, e.g. [16] for details).
The material of our present investigation is organized as follows. In Sec. 2, we discuss very concisely the (anti-)BRST and (anti-)co-BRST symmetries for the 2D non-Abelian 1-form gauge theory in the Lagrangian formulation to set-up the notations and convention. Our Sec. 3 is devoted to a brief synopsis of HC so that our paper could be self-contained. The subject matter of Sec. 4 is the application of the AVSA to derive the (anti-)co-BRST symmetry transformations using the DHC and DGIR for the 2D non-Abelian 1-form gauge theory. Our Sec. 5 deals with the derivation of all possible CF-type restrictions that could be supported by our 2D theory by using AVSA to BRST formalism. Finally, we make some concluding remarks in Sec. 6 and point out a few future directions for further investigations.
In our Appendix A, we discuss some explicit computations which have been incorporated in the main body of the text of our present endeavor. 
The structure constants f abc are chosen to be totally antisymmetric for the semi-simple Lie group SU(N). We further adopt the notations P · Q = P a Q a and (P × Q) a = f abc P b Q c where the Latin indices a, b, c.... = 1, 2, 3...N 2 − 1 and (P a , Q a ) are chosen to be non-null vectors in the Lie-algebraic space. We choose the background 2D flat metric η µν with signatures (+1, -1) so that
where the Greek indices µ, ν, λ.... = 0, 1 stand for the spacetime directions and the Latin indices i, j, k.... = 1 correspond to the space direction only. In addition, the 2D Levi-Civita tensor ε µν has been chosen such that ε 01 = +1 = ε 10 and ε µν ε µν = −2!, ε µν ε νλ = δ λ µ , etc.
Nilpotent Symmetries: Lagrangian Formulation
Let us begin with the following coupled (but equivalent) (anti-)BRST invariant Lagrangian densities [18] for the 2D non-Abelian 1-form (A (1) = dx µ A µ · T ) gauge theory in the CurciFerrari gauge (see, e.g [19, 20] for details)
where B andB are the Nakanishi-Lautrup type auxiliary fields and anticommuting
which has only one existing independent component in 2D, namely;
Thus, for the case of 2D non-Abelian theory, we have the following coupled Lagrangian densities corresponding to (1), namely;
The above Lagrangian densities are equivalent on the constrained hypersurface where
This equality leads to the CFcondition B +B + (C ×C) = 0 (modulo a total spacetime derivative term). The following supersymmetric-type (anti-)BRST transformations (s (a)b )
are the symmetry transformations for the action integral S = d 2 x L B ≡ d 2 x LB because one observes that the following are true, namely;
These relationships establish that the above symmetries are true on a constrained hypersurface, embedded in the 2D spacetime manifold, where the Curci-Ferrari (CF) condition B +B + (C ×C) = 0 is valid. It is elementary, at this stage, to note that we have (1) can be written as [19, 20] 
where the Curci-Ferrari gauge condition (cf. Eq. (1)) implies that we have chosen ξ = 2. Thus far, all our statements are true in any arbitrary dimension of spacetime. In other words, the (anti-)BRST symmetries (3) are true for any arbitrary non-Abelain 1-form gauge theory (when we discuss the theory within the framework of BRST formalism). In addition to the above nilpotent and absolutely anticommuting (anti-)BRST symmetry transformations s (a)b , we also have a set of proper (i.e. nilpotent and absolutely anticommuting) (anti-)co-BRST symmetry transformations (s (a)d ) in our theory. These transformations, in the context of our 2D non-Abelian theory, are (see, e.g. [21] ):
The above off-shell nilpotent (anti-)co-BRST transformations are the symmetry transformations of the following Lagrangian densities
where we have linearized the kinetic term ( 
remain invariant under s (a)d . We close this section with the remark that we also end up with CF-type of restrictions (corresponding to the (anti-)co-BRST symmetry transformations) when s ad and s d are applied on L B and LB, respectively. In other words, we have the following [22] 
which lead to the existence of the following CF-type restrictions:
These restrictions are
Thus, we note that the CF-type restrictions (B × C = 0, B ×C = 0), in the context of (anti-)co-BRST symmetries, are different from the CF-condition B +B + (C ×C) = 0 related with the (anti-)BRST symmetry transformations in the sense that:
We note that
(under the (anti-)co-BRST symmetry transformations) but this kind of perfect symmetry is not obeyed by the CF-condition B +B + (C ×C) = 0 in the context of (anti-)BRST symmetries. The latter condition is (anti-)BRST invariant only on the hypersurface where the CF-condition is satisfied. We lay emphasis on the fact that the (anti-)BRST symmetries are true for any arbitary non-Abelain 1-form gauge theory but the (anti-)co-BRST symmetries exist only for the 2D non-Abelain 1-form gauge theory. Both these symmetries are physically interesting because both are used [21] to prove that the 2D non-Abelian 1-form gauge theory (without any interaction with matter fields) is a new model of topological field theory (TFT) which captures a few key properties of Witten-type TFTs and some salient features of Schwarz-type TFTs.
3 Nilpotent (Anti-)BRST Transformations: Horizontality Condition
We very concisely mention here the salient features of the horizontality condition (HC) that leads to the derivation of proper (anti-)BRST symmetry transformations as well as CF-condition (B +B + (C ×C) = 0) within the framework of usual superfield approach to BRST formalism. In this context, it is worthwhile to mention that the geometrical strength of the curvature 2-form (
F µν ) plays a crucial role in this technique where F (2) is generalized to the the suitably chosen supermanifold as:
In the above,F (2) is the supercurvature 2-form which is defined on a (D, 2)-dimensional supermanifold corresponding to a given D-dimensional non-Abelian 1-form gauge theory whereF (2) 
) and Z M = (x µ , θ,θ) are the superspace coordinates. In this expression, we have generalization of the exterior derivative d = dx µ ∂ µ and 1-form connection A
(1) = dx µ A µ (defined on the D-dimensional flat Minkowski space) to (D, 2)-dimensional supermanifold (on which the given D-dimensional gauge theory is generalized). In other words, we have the following:
where [B µ (x, θ,θ), F (x, θ,θ),F (x, θ,θ)] are the superfields on the (D, 2)-dimensional supermanifold corresponding to the ordinary fields [A µ (x), C(x),C(x)] of the D-dimensional non-Abelian gauge theory. The above supermanifolds have the following expansions along the Grassmannian directions of the (D, 2)-dimensional supermanifold [5] [6] [7] , namely;
where, on the r.h.s., we have (S µ , B 1 ,B 1 , B 2 ,B 2 ) and (R µ ,R µ , S,S) as the secondary fields which are bosonic and fermionic in nature, respectively. These secondary fields are determined in terms of the basic and auxiliary fields of the theory due to the beauty and strength of HC. We elaborate below some of the key features of HC in a concise manner. We observe that the kinetic term (− 1 4 F µν · F µν ) remains invariant under the nilpotent (anti-)BRST symmetries (because, primarily, it is a gauge invariant quantity). Within the framework of USFA to BRST formalism, we demand that all the Grassmannian components of the (anti-)symmetric supercurvature tensorF M N = (F µθ ,F µθ ,F θθ ,F θθ ,Fθθ) should be set equal to zero so that we have the following equality of the kinetic term (cf. Eq. (11))
which is a gauge invariant restriction (GIR). To achieve the equality (14), one of the simplest choices is to set all the Grassmanian components ofF M N (x, θ,θ) equal to zero so that only the antisymmetric spacetime componentsF µν (x, θ,θ) survive. To be precise, the restrictionsF µθ =F µθ =F θθ =F θθ =Fθθ = 0 lead to the following relationship between the secondary fields and basic as well as auxiliary fields (with the identifications B 1 =B, B 2 = B), namely;
where the last entry is nothing but the celebrated CF-condition [23] . Thus, it is the theoretical strength of HC that we have determined all the secondary fields in terms of the basic and auxiliary fields of the theory described by the Lagrangian density (1). The substitution of the expressions for the above secondary fields into the expansions (13) leads to the following super expansions of the superfields [5] [6] [7] 
where the superscript (h) denotes that the above superfields have been determined after the application of HC. We note that the coefficients of θ,θ and θθ are nothing but the (anti-)BRST symmetries (3) of the D-dimensional non-Abelian gauge theory (without any interactions with matter fields). In other words, we observe that the HC leads to the determination of proper (i.e. off-shell nilpotent and absolutely anticommuting) (anti-)BRST symmetry transformations for the (anti-)ghost and gauge fields of the non-Abelain 1-form gauge theory in any arbitrary dimension of flat Minkowski spacetime. We end this section with the following important remarks. First of all, it is clear that the kinetic term remains invariant under the (anti-)BRST symmetry transformations. The curvature tensor F µν = ∂ µ A ν − ∂ ν A µ + i (A µ × A ν ) owes its origin to the exterior derivative (d = dx µ ∂ µ ) because it is derived from the curvature 2-form
. Second, we note that the CF-condition is responsible for the existence of the coupled (but equivalent) Lagrangian densities (1) for the non-Abelian 1-form gauge theory. The equivalence can be checked from our observations in Eq. (4). Thus, it is evident that both the Lagrangian densities respect the (anti-)BRST symmetry transformations only on the hypersurface which is described in the language of CF-condition. Third, we also observe that the absolute anticommutativity property of s (a)b (i.e. s b s ab + s ab s b = 0) is satisfied if and only if we use the CF-condition (which is one of the hallmarks of a quantum gauge theory when it is described within the framework of BRST formalism). Fourth, we note that the CF-condition is an (anti-)BRST invariant (i.e. s (a)b [B +B +(C ×C)] = 0) quantity at the quantum level (cf. Eq. (10)). Hence, this condition is a physical restriction. Fifth, we point out that the surviving component of the super curvature tensor is equal to:
The above equation demonstrates that
It is selfevident that, for the 2D non-Abelian theory (where F µν has only one existing component F 01 = E), we have the following (anti-)BRST transformations for the field
As a side remark, we note that this expression would turn out to be useful, later on, in Sec. 5. Sixth, rest of the (anti-)BRST symmetry transformations in (3) are determined due to the requirements of nilpotency and anticommutativity (which are the key properties of (anti-)BRST symmetries). Seventh, it is evident from Eq. (16) F µν (x) · F µν (x) as desired (right from the beginning).
(Anti-)co-BRST Symmetries: Superfield Formalism
We derive here the (anti-)co-BRST symmetry transformations (6) by exploiting the ideas of AVSA. In this connection, first of all, we take the generalization of the exterior derivative d = dx µ ∂ µ and ordinary 1-form connection A (1) = dx µ (A µ .T ) onto the (2, 2)-dimensional supermanifold as given in (12) . We note that the gauge-fixing term of Lagrangian density (1) owes its origin to the co-exterior derivative (δ), namely;
where * is the Hodge duality operation on the 2D ordinary flat Minkowski spacetime manifold. One of the salient features of the (anti-)co-BRST symmetry transformations (6) is the observation that it is the gauge-fixing term (owing its origin to the co-exterior derivative δ = − * d * ) that remains invariant under them. The relation (19) can be generalized onto our chosen (2, 2)-dimensional supermanifold. Thus, we invoke the following dual-horizontality condition (DHC) (i.e. an analogue of HC), namely;
whereδ = − ⋆d ⋆ is the generalization of the ordinary co-exterior derivative δ = − * d * onto the above chosen supermanifold and ⋆ is the Hodge duality operation on the (2, 2)-dimensional supermanifold. For the Abelian 1-form theory, the ⋆ operator has been defined explicitly in [24] on the (2, 2)-dimensional supermanifold.
In our Appendix A, the step-by-step computation of the l.h.s. of the DHC (δÃ (1) = δA (1) ) has been worked out. We take that result and write it in the following fashion:
The above equality yields the relationships as listed below:
This is due to the fact that there is no presence of factors like s θθ and sθθ on the r.h.s. At this stage, we have to take into account the expansion of B µ (x, θ,θ), F (x, θ,θ) and F (x, θ,θ) along the Grassmannian directions (θ,θ) of the (2, 2) dimensional supermanifold as given in (13) . Their substitution leads to the following restrictions from (22), namely;
where B 1 +B 2 = 0 is the analogue of the CF-type condition. We make the choice B 1 = −B which implies thatB 2 = B. Thus, we obtain the expansions of the fermionic superfields F (x, θ,θ) andF (x, θ,θ) along the Grassmannian directions (θ,θ) as follows
where the superscript (d) stands for the expansions of the superfields, obtained after the application of the DHC, and s (a)d are the (anti-)co-BRST symmetry transformations for the fields (C)C that have been quoted in Eq. (6). We note, at this juncture, that we have already derived the (anti-)co-BRST symmetry transformations for the (anti-)ghost fields (C)C of our theory (cf. Eq. (6)). It is also clear that ∂ θF (d) = s adC and ∂θF (d) = s d C. These relationships show that the (anti-)co-BRST symmetry transformations s (a)d can be identified with the translational generators (∂ θ , ∂θ) along the Grassmannian directions (θ,θ), respectively. Moreover, the above identifications imply that s We have to compute now the (anti-)co-BRST symmetry transformations for the gauge field A µ ≡ (A µ · T ). For this purpose, we have to exploit the ideas behind the AVSA where the (anti-)co-BRST invariant quantities would be required to be independent of the "soul" coordinates (θ,θ). In this context, we observe that the following intresting and useful combination of fields (in the square bracket below) is an (anti-)co-BRST invariant quantity, namely;
According to the basic tenets of AVSA, we have to equate the quantity in the square bracket with its counterparts in terms of the superfields, namely;
where we have taken (24) and B(x) → B(x, θ,θ) = B(x) because of the fact that s (a)d B(x) = 0. Hence, it will have no expansion along (θ,θ)-directions of the (2, 2)-dimensional supermanifold provided we accept the result that the coefficients of θ and θ correspond to the (anti-)co-BRST symmetry transformations, respectively. The above restriction (cf. Eq. (26)) is called as the dual-gauge invariant restriction (DGIR). Physically, this restriction implies that the (anti-)co-BRST invariant quantities should remain independent of the "soul" coordinates (θ,θ) because the latter are only the mathematical artifacts. It will be noted that we have taken the expansions from (24) for the generalization of the fields C(x) andC(x). The explicit substitutions, from (24) into (26), yield:
The above relations lead to the explicit and exact derivation of the secondary fields of the expansions (that are present for B µ (x, θ,θ) in Eq. (13)) as:
Thus, ultimately, we obtain the expansions of the superfield B µ (x, θ,θ) as
where the superscript (dg) denotes that the above expansion has been obtained after the application of the dual-gauge invariant restriction (DGIR). The expansion in Eq. (29) leads to the derivations of (anti-)co-BRST symmetry transformations for the gauge field A µ ≡ (A µ · T ) (cf. Eq. (6)) as the coefficients of the Grassmanian variables θ andθ. The noteworthy point is the fact that DHC and DGIR are intertwined together in a very useful fashion in Eq. (26). This is the beauty and strength of AVSA. We note, from Eq. (6) , that the component
transforms under the (anti-)co-BRST symmetry transformations as:
These transformations can be derived from the AVSA to BRST formalism as:
We observe that the coefficients of θ,θ and θθ do lead to the derivation of s ad E(x), s d E(x) and s d s ad E(x). In other words, we obtain ∂ θẼ (x, θ,θ)|θ =0 = s ad E(x) and ∂θẼ(x, θ,θ)| θ=0 = s d E(x) and ∂θ ∂ θẼ (x, θ,θ) = s d s ad E(x) which imply that the translational generators (∂ θ , ∂θ) correspond to the nilpotent (anti-)co-BRST symmetry transformations (s a)d ). Thus, we note that ∂ 
CF-Type Restrictions: Superfield Approach
We discuss here the derivation of all possible CF-type restrictions that could be, in general, supported by the 2D non-Abelian theory within the framework of AVSA. First of all, we observe here that these physically motivated restrictions have been derived in our earlier work [22] by exploiting the idea of (anti-)BRST and (anti-)co-BRST symmetry invariance. Thus, our central goal is to derive them by demanding, first of all, that the original CFcondition [B +B + (C ×C) = 0] should be invariant under the (anti-)co-BRST symmetry transformations. In the language of AVSA, we demand that this condition should be valid on the (2, 2)-dimensional supermanifold, too, namely;
where we have taken the generalizations: B(x) →B(x, θ,θ) = B(x),B(x) →B(x, θ,θ) = B(x) due to the fact that both these auxiliary fields are (anti-)co-BRST invariant quantities (i.e. s (a)d B(x) = 0, s (a)dB (x) = 0). In other words, the superfieldsB(x, θ,θ) andB(x, θ,θ) have no expansions along θ andθ directions of the (2, 2)-dimensional supermanifold. Plugging in the expansions from Eq. (24), we obtain (from the above) the following
which leads to the CF-type restrictions: B × C = 0 and B ×C = 0 (because B × B = 0 automatically). We observe that these CF-type restrictions have appeared earlier in Eqs. (8) and (9) in the Lagrangian formulation. We further observe, at this stage, that these new CF-type restrictions are invariant under the nilpotent (anti-)co-BRST symmetry
. However, these are not invariant under the (anti-)BRST symmetry transformations. To have (anti-)BRST and (anti-)co-BRST symmetries together in the 2D theory, we have to demand that these new CF-type restrictions (B × C = 0, B ×C = 0) should also remain invariant under the (anti-)BRST symmetry transformations. Thus, within the framework of AVSA to BRST formalism, we demand the following equalities, namely;
where the expansions for F (h) (x, θ,θ) andF (h) (x, θ,θ) are given in Eq. (16) which have been obtained after the application of HC. The expansions forB (g) (x, θ,θ) along the Grassmannian directions (θ,θ) can be written as
in view of the (anti-)BRST symmetry transformations:
on the auxilary field B(x). The superscript (g) on the superfield B(x, θ,θ) has been taken into account to denote that the above expansion, for this superfield, has been derived due to the GIR which we explain below. We exploit the theoretical strength of AVSA to BRST formalism to determine the super expansion for the superfield B(x, θ,θ). In this connection, we note that s (a)b [B · E] = 0. Thus, the basic tenets of AVSA permits us to demand the following equality
where the explicit expansion ofẼ (h) (x, θ,θ) has been quoted in Eq. (18) . The substitution of this result into the above equation implies that we have the following
where the fields P (x), Q(x) and M(x), in the above, are the secondary fields in the general super expansions of B(x, θ,θ) as given below:
The results in (36) show that P (x) and Q(x) are fermionic in nature in contrast to the bosonic nature of M(x). This observation is also consistent with the fermionic nature of the Grassmannian variables (θ,θ) that are present on the r.h.s. of the expansion (37). Thus, it is crystal clear that we have obtained the (anti-)BRST symmetry transformations for the auxiliary field B(x) from the GIR that has been quoted in (35).
We focus now on the explicit form of the restrictions (33). These can be expanded as:
Setting the coefficients of θ,θ and θθ equal to zero (in the above), we obtain the following restrictions B ×B = 0, B × B = 0 where we have used B × C = 0, B ×C = 0 and B +B + (C ×C) = 0 which are the original restrictions on the theory. We have done it because, to obtain the new CF-type restrictions, we have utilized already derived earlier CF-type restrictions of our theory. We would like to point out that these restrictions have already appeared earlier in the Lagrangian formulation [22] . To be more explicit, it can be checked that the coefficient of θ in (38) leads to the CF-type restrictions B ×B = 0 provided we use B × C = 0 and B +B + (C ×C) = 0. We also mention here that coefficient ofθ does not yield anything and the coefficient of θθ produces B × B = 0 when we use the original restrictions B × C = 0 and B +B + (C ×C) = 0. We note that the CF-type restriction B×B = 0 and B×B = 0 are, once again, invariant under the (anti-)co-BRST symmetry transformations (i.e. s (a)d B×B = 0, s (a)d B×B = 0). Thus, we demand their invariance under the (anti-)BRST symmetries (in view of having both the (anti-)BRST and (anti-)co-BRST symmetries together in the 2D theory) with the following restrictions on the (super)fields:
where, the generalizations and super expressions of B(x), B(x) andB(x) fields, onto the (2, 2)-dimensional supermanifold are (34) and the following:
In the above, the superscript (g) denotes the fact that the superfieldsB (g) (x, θ,θ) and
(x, θ,θ) corresponds to the superfields that could be obtained after the application of GIRs. We elaborate the derivation of these expansions (i.e. Eq. (41)) within the framework of AVSA. In this context, we note that s b B(x) = 0 and s b (B ×C) = 0. Thus, we have the following GIRs in the language of the quantities on the supermanifold
whereF (h) (x, θ,θ) has been expressed in Eq. (16) and the general super expansion of B(x, θ,θ) along the Grassmannian directions (θ,θ) is as follows:
In the above, the pair (U(x), V (x)) are fermionic and S(x) is a bosonic secondary field due to the fermionic nature of (θ,θ) and bosonic nature of B(x). We have also taken into account the mapping ∂θ ↔ s b (cf. Sec. 3). It will be noted that ∂θB(x, θ,θ) = 0 implies that V (x) = S(x) = 0. Thus, the reduced form ofB(x, θ,θ) isB (r) (x, θ,θ) = B(x)+θ U(x). Now the second restriction in (42) can be expressed as:
The above restriction produces the form ofB(x, θ,θ) that has been quoted in Eq. (41) as B (g) (x, θ,θ). In an exactly similar fashion, we observe that s abB = 0 and s ab (B × C) = 0. Thus, we have the following restrictions, within the framework of AVSA, on supermanifolds:
where the general expansion for the superfieldB(x, θ,θ) is
In the above, the pair (K(x), L(x)) are the fermionic secondary fields, N(x) is bosonic and we have taken into account ∂ θ ↔ s ab (cf. Sec. 3). The first condition in (45) leads to
where the superscript (r) denotes the reduced form ofB(x, θ,θ). Now plugging in the values of F (h) (x, θ,θ) from Eq. (16) andB (r) (x, θ,θ), we obtain (from (45)) the following
which, ultimately, yields the value of L(x) = i (B × C). Substitution of this value in
(x, θ,θ) which has been quoted in Eq. (41). The above expansions agree with the (anti-)BRST symmetry transformations s b B = 0, s ab B = i (B ×C), s bB = i (B × C), s abB = 0 which can also be derived by the requirements of the nilpotency and absolute anticommutativity properties . We lay emphasis on the fact that we have taken into account the super expansions of Sec. 3 and the identifications s b ↔ ∂θ and s ab ↔ ∂ θ for the derivation of Eq. (41).
The explicit substitutions, from (34) and (41) into (40), imply the following equalities in the language of (super)fields on the supermanifold:
The above equalities lead, ultimately, to the following new restrictions:
It is evident that the above restrictions are neither perfectly invariant under the (anti-) co-BRST symmetries nor under the (anti-)BRST symmetry transformations. The substitutions of the superfields
, B (g) in a straightforward manner (from appropriate equations) lead to the derivation of the new restrictions:
At this stage, the tower of restrictions terminate and there are no further CF-type restrictions on the 2D non-Abelian 1-form gauge theory. Thus, we have derived here all possible CF-type restrictions that could be supported by the self-interacting 2D non-Abelian theory (without any interaction with matter fields). It is pertinent to point out that the above tower of CF-type restrictions have been obtained in our earlier work [22] on the basis of (anti-)BRST and (anti-)co-BRST symmetry invariance(s).
Conclusions
In our present endeavor, we have applied the geometrical AVSA to BRST formalism for the derivation of proper (i.e. off-shell nilpotent and absolutely anticomuting) (anti-)BRST and (anti-)co-BRST transformations for the self-interacting 2D non-Abelain 1-form gauge theory (without any interaction with matter fields). This exercise has been specifically performed in the case of 2D non-Abelian 1-form gauge theory where the (anti-)BRST and (anti-)co-BRST symmetries co-exist together (see, e.g. [21] ). In fact, these nilpotent symmetries prove that this 2D non-Abelian model is a tractable physical example of the Hodge theory as well as a new model of topological field theory (see, e.g. [21] ). The latter claim is true because it is corroborated by the observation that the 2D non-Abelian theory captures a few key properties of the Witten-type TFT and some salient features of the Schwarz-type TFT. The decisive features of the above continuous symmetries (and their (anti)commutators) is the observation that these symmetries (and their corresponding conserved charges) provide the physical realizations of the de Rham cohomological operators of differential geometry. Hence, our present 2D self-interacting non-Abelian quantum field theoretic model turns out to be an example of the Hodge theory.
In our present investigation, we have applied the DHC and DGIR to obtain the (anti-) co-BRST symmetry transformations for the 2D non-Abelian 1-form gauge theory within the framework of AVSA to BRST formalism. This result is completely novel as, in our previous attempts [10] [11] [12] [13] [14] , we have not applied the AVSA to derive the (anti-)co-BRST symmetry transformations systematically for the 2D non-Abelian theory. Further, we have exploited the theoretical potential and power of the AVSA to BRST formalism to derive all possible CF-type restrictions that could emerge from the original CF-condition (B+B+(C×C) = 0) by demanding its invariance under the (anti-)BRST and (anti-)co-BRST symmetries. Of course, the latter requirements (i.e. (anti-)BRST and (anti-)co-BRST invariances) have been expressed in the language of appropriately chosen superfields (that have been derived after the application of (D)HCs and (D)GIRs). The upshot of this whole exercise is the emergence of a tower of CF-type restrictions that could be, in general, supported by the 2D non-Abelain theory. It should be pointed out, however, that only a few of these CFtype restrictions have been actually utilized by us in the Lagrangian formulation where the (anti-)BRST and (anti-)co-BRST symmetry transformations have been discussed.
We would like to comment on the possible existence of a tower of CF-type restrictions for our present 2D non-Abelian theory. First of all, we note that all these CF-type restrictions are in terms of the auxiliary fields and (anti-)ghost fields. Thus, these restrictions do not affect the degrees of freedom (d.o.f) counting of the gauge field (A µ = A µ · T ). We have utilized only a few restrictions which include B × C = 0 and B ×C = 0 for the (anti-) co-BRST invariance in our theory. It is pertinent to point out that {s d , s ad } = 0 implies that co-BRST and anti-co-BRST symmetries are independent of each-other. Hence, the restrictions B × C = 0 and B ×C = 0 are independent of each-other and they do not imply that C ×C = 0. Thus, the non-Abelian nature of our theory remains intact (see, e.g. [22] for details).
In our earlier works (see, e.g. [15] [16] [17] ), we have claimed that the (anti-)dual-BRST symmetry can exist for the p-form (p = 1, 2, 3, ...) gauge theories only in the 2p-dimensions of spacetime. Thus, for the (non-)Abelian 1-form gauge theories, the above (anti-)co-BRST symmetries exist only in two (1+1)-dimensions of spacetime. We have also demonstrated the existence of (anti-)co-BRST symmetries in the cases of 4D Abelian 2-form and 6D Abelian 3-form gauge theories which corroborate the claims that have been made in our earlier work [16] . It would be a nice future endeavor for us to apply the geometrical AVSA to BRST formalism for such theoretically interesting systems to obtain the (anti-)co-BRST symmetries and tower of all CF-type restrictions. We would like to add that we have also shown the existence of (anti-)co-BRST symmetries in the case of a 1D toy model of a Hodge theory which is nothing but the model of a rigid rotor. It would be challenging to apply the ideas of our present investigation to this 1D system, too. We are busy, at the moment, in exploring the proof of the above speculative ideas and our results would be reported elsewhere in our future publications [25] .
has been chosen for our discussions. First of all, we derive the following 3-form, namely;
where we have used the following duality operations [24] ⋆ (dx µ ) = ε µν (dx ν ∧ dθ ∧ dθ), ⋆ (dθ) = 1 2! ε µν (dx µ ∧ dx ν ∧ dθ),
because of the fact that the Hodge dual of a 1-form, on a (2, 2)-dimensional supermanifold, is a 3-form. Now we apply the super exterior derivatived on (53) to obtain a 4-form on the (2, 2)-dimensional supermanifold as:
In the above, we have used the explicit expression ofd = dx µ ∂ µ + dθ ∂ θ + dθ ∂θ and have taken into account the anticommutativity property of the Grassmannian variables (θ,θ) with their derivatives (∂ θ , ∂θ) and the same property among themselves.
We are in the position now to apply an star (− ⋆) on the above 4-form to get a scalar (i.e. 0-form). Before we apply it, we would like to state that the second and third terms of (55) would be equal to zero because a 3-form in spacetime differentials (i.e. dx λ ∧ dx µ ∧ dx ν ) can not exist on a (2, 2)-dimensional supermanifold. Further, as per the rules of the Hodge duality ⋆ operation laid down in our earlier work [24] , we can not have the existence of 3-form differentials (e.g. dθ ∧ dθ ∧ dθ, dθ ∧ dθ ∧ dθ, dθ ∧ dθ ∧ dθ, dθ ∧ dθ ∧ dθ) on the (2, 2)-dimensional supermanifold as it can accommodate only 2-form differentials in the Grassmannian variables (e.g. dθ ∧ dθ, dθ ∧ dθ, dθ ∧ dθ). As a consequence, the fourth and seventh terms would be zero. Thus, the existing terms are:
Now, the application of (−⋆) on the above equation leads to the derivation of Eq. (21) (i.e.δÃ (1) = − ⋆d ⋆Ã (1) ) that has been incorporated in our text. In this derivation, the following inputs have been used (see, e.g. [24] for details)
where s θ θ and sθθ are the factors that have been taken into account so that another (⋆) operation on (57) yields the original 4-forms with factor of ± signs in front of them as per the rules of Hodge duality operator [24] .
